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Abstract 

We quantize massive vector theory in such a way that it has a well-defined massless 
limit. In contrast to the approach by Stiickelberg where ghost fields are introduced 
to maintain manifest Lorentz covariance, we use reduced phase space quantization 
with nonlocal dynamical variables which in the massless limit smoothly turn into the 
photons, and check explicitly that the Poincare algebra is fullfilled. In contrast to 
conventional covariant quantization our approach leads to a propagator which has no 
singularity in the massless limit and is well behaved for large momenta. For massive 
QED, where the vector field is coupled to a conserved fermion current, the quantum 
theory of the nonlocal vector fields is shown to be equivalent to that of the standard 
local vector fields. An inequivalent theory, however, is obtained when the reduced 
nonlocal massive vector field is coupled to a nonconserved classical current. 
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1 Introduction 


Massless theories, such as gauge theories, are well-known to be plagued by infrared singu¬ 
larities. A possible, very clean way to handle the infrared catastrophe of gauge theories 
is to give the gauge field a small mass and take the massless limit after the observable 
quantities have been calculated. The quantization of the corresponding massive vector 
theory in such a way that it has a well defined massless limit is therefore important for 
investigations of the infrared behaviour of gauge theories, such as the formation of Lorentz 
and gauge invariant condensates. But a well defined massless limit is not straightforward 
because the covariant propagator of massive vector theory [Q, ^ 

D^,u{q) = -q2_j^2 (dfiu - ) • ( 1 ) 

has a singularity at M=0. Furthermore the second term leads to ultraviolet divergences 
for large momenta. However, when the vector field is coupled to a conserved current (like 
in massive QED) = 0) the badly behaved second term drops out and the theory 

becomes renormalizable. 

Already in 1957, Stiickelberg has proposed a Lagrangian for massive QED that can 
be quantized in such a way that it has a well defined massless limit. Eor this purpose he 
introduced additional ghost fields in order to maintain manifest Lorentz covariance. The 
cost of introducing these spurious degrees of freedom is that one finally has to verify that 
the observable quantities are not effected in the massless limit. This can be very difficult 
for complicated theories such as massive non-Abelian Yang-Mills theories [p. 

We shall show in this paper that in the framework of reduced phase space quantization 
|^]-|jl^ a quantum theory of massive vector fields with a well defined massless limit can 
be obtained, without the introduction of any additional unphysical degrees of freedom. In 
the scheme of reduced phase space quantization one first eliminates all unphysical degrees 
of freedom from the classical theory and then quantizes only the physical variables. 

For massless QED reduced phase space quantization corresponds to quantization in 
the Coulomb gauge. Here only the two transverse components of the gauge field and 
the fermion field are quantized. Since through this reduction the manifest Poincare in¬ 
variance of the theory is lost, it is necessary to check whether the Poincare algebra is 
satisfied both on the classical and on the quantum level. Zumino Q has proven that QED 
in the Coulomb gauge satisfies the quantum Poincare algebra and has shown that the 
quantum Lorentz transformation properties of the transverse gauge fields agree with the 
corresponding classical ones. 

Massive vector theory contains three dynamical degrees of freedom. As for the case 
of a massless gauge field the Lagrangian of massive vector theory does not contain the 
time derivative of the time component Vq of the vector field. The Euler-Lagrange equa¬ 
tion for Vo is thus not a dynamical equation of motion but a constraint. The reduced 
Lagrangian obtained by eliminating Vq from the Lagrangian using the constraint equation 
then contains the three spatial components of the vector field and their time derivatives. 
The question which arises then is about the choice of the dynamical degrees of freedom. 
Eor the solution of the above mentioned problem of a well defined massless limit we shall 
use instead of the three local components 14 (k=l,2,3) the nonlocal fields 

/ j\./r2 \ 

vm ^ R,,v, = (c - p) 
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with the longitudinal and transverse projection operators 


All = Mi 

Q2 ’ 



( 3 ) 


We call the fields Vjf- “reduced” fields. In the massless limit the operator P becomes a 
projection operator onto the transverse components of the gauge fields. We shall show 
in this paper that the reduced massive vector fields satisfy the quantum Poincare algebra 
and have the same Lorentz transformation properties in the massless limit as the photons. 
Furthermore we shall obtain the corresponding propagator for the reduced fields 




if + M2) 


“ 1 “ 


mj 
+ M2) 




which is nonsingular in the massless limit and at the same time well behaved for large 
momenta. It includes an instantaneous Yukawa potential and turns into the Coulomb 
gauge propagator in the massless limit. Reduced phase space quantization in terms of 
reduced fields is the M 7 ^ 0 generalization of Coulomb gauge quantization of QED, just 
as the Stiickelberg approach is the corresponding generalization of covariant quantization 
of QED in the Lorentz gauge. Eor the case when the vector field is coupled to a con¬ 
served current = 0), as in QED, the two ways of quantization, local and nonlocal, 

lead to equivalent quantum theories, . When the massive vector 

field however is coupled to a nonconserved classical current, the two alternative ways of 
quantization, local and nonlocal, will lead to inequivalent theories. 

Our paper is organized as follows; In Section II we perform the reduction of the La- 
grangian for free massive vector theory and investigate the Lorentz transformation proper¬ 
ties of the local as well as of the nonlocal reduced quantum fields. In Section III we discuss 
massive QED, where the massive vector field is coupled to a conserved fermion current, 
and show that the quantization in terms of the nonlocal reduced fields is equivalent to 
the conventional quantization in terms of local fields. In Section IV we show that massive 
vector theory, when coupled to a nonconserved classical current, may yield inequivalent 
quantum theories for the two alternative scenarios of quantization. In Section V we give 
our conclusions and outline possible applications. In Appendix A the classical Lorentz 
transformation properties are briefly discussed. 


2 Free massive vector theory 

2.1 Reduction of the Lagrangian 

The classical action of the free massive vector theory is given by 

W[V^] = j (fxC{x) = J d^x + ^MV^^ (5) 

with the Lorentz , but not gauge invariant Lagrangian C{x) and the field strength tensor 
_ Qp-yi' _ The mass term explicitly breaks gauge invariance. In the limit M=0 

it becomes the gauge invariant Lagrangian of free electromagnetism. In components the 
Lagrangian reads 

^ (e;2[Vo, e] - m + mVo^ - mV,2) , (6) 
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with the “electric” and “magnetic” fields 


Ei[Vo,V] = Fo, =-Vi - diVo , 

^ijkdjVjf 


( 7 ) 


where the dot denotes the time derivative. 

As in the case of massless electrodynamics, one of the Euler-Lagrange equations, 
namely that corresponding to Vq is a constraint rather than an equation of motion. In the 
method of reduced phase space quantization well known for gauge theories |^-|^|, which 
we shall in this paper apply to massive vector theory, one first eliminates the constraint 
variable Vq from the Lagrangian before quantization of the theory. In QED this naturally 
leads to a reduction of the variables to the physical transverse photons. In the following 
we shall investigate to which physical variables this reduction leads for the case of massive 
vector theory. 

The Euler-Lagrange equation for Vq is a constraint 


6W 


^ = 0 (^ - M")Eo = -diV . 

oVq 

and corresponds in the massless limit to Gauss law. It can be solved for Vq as 

1 


Fo[E] = - 


-diV 


a 2 -M 2 

and inserted into the original Lagrangian. Here we have abbreviated 


I 


52 - M2 

The electric field E then becomes 

with the reduction operator 


Eij — Sij 


/(^) = 


dvr 


^ p-M\y-x\ 

d^y — — —f{y) ■ 


\y-x\ 


Ek[V] = -RkjVj 


didj rp 

52 - M2 “ 


— 5 I. 1 . 
52 -M2 


( 8 ) 


(9) 


( 10 ) 


( 11 ) 


( 12 ) 


where we have used the longitudinal and transverse projection operators (^). In contrast 
to the massless case, Rij is not a projection operator, R? 7 ^ R, but 


ddijRjl — Ril T 


M'^didi 


(<92 


-M 2 


and Rij is invertible 


92 - m 2 


— aL — - _— A-. — 


(13) 


(14) 


M2 M2 ■ 

In the massless limit however the reduction operator becomes the transverse projection 
operator for photons and ceases to be invertible. 

The reduced action 


ITred[l"] = W[V^ 


Vo=Vo[V] 


= / dMTred 


(15) 
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therefore reads 


H^red[^^] = J {ViRijVj M^) RijVj) 


(16) 


where in the second line we have nsed partial integration and formnla (IJ). 

Massive vector theory has three dynamical variables. A possible choice are the three 
local spatial fields I4 and their canonical conjngate momenta 


Ha, = 


6C 


dRred 


(514 (x) dVk{x) 


— Rk — Rkj^j 


(17) 


As mentioned above they yield a propagator that leads to a renormalizable theory only 
when conpled to conserved currents. 

In terms of the transverse and longitudinal parts = dfjVj and 


Vhred[V?'^, = I d^x(£L + 4d) (18) 

with 

4ed = l{vp + v;^iB^-M^)v;^) , 


One can see that the massless limit exists and leads to the reduced Lagrangian of free 
electromagnetism with the two transverse gauge fields representing the physical vari¬ 
ables. For this case of massless QED, Zumino ||^ has proven that the transverse gauge 
fields fulfill the quantum Poincare algebra and has determined their Lorentz transforma¬ 
tion properties. The Lorentz transformation properties of quantum and classical fields 
coincide only for the nonlocal A|’[I4] = d'^jAj, but not for the local Ak- 

In view of formula (^) for the electric field another possible choice is the nonlocal 
“physical” fields 

Vi>[V] ^ RtjV, = A - ''1 ■ P») 

The nonlocal VR differ from the local Vi in that their longitudinal components are short¬ 
ened relative to those of 14. In the massless limit they are shortened to zero or projected 
out and reduce to the transverse gauge fields. We shall therefore call these nonlocal VR 
reduced fields. In terms of these nonlocal variables the action is 

W[V^] = J d^xC,ed = J d^x^ - m2) . (21) 

The conjugate momenta are 


' “ SV,^{x) 


= • 


( 22 ) 


In the following section we would like to investigate the Lorentz transformation prop¬ 
erties of the massive fields I4 Vj^. We shall show that for both choices the equations 
of motion and the Lorentz transformation properties of the classical and quantum fields 
coincide. Only the nonlocal reduced Vj^, however, have the same Lorentz transformation 
properties in the massless limit as the gauge fields. 


5 








2.2 Lorentz Transformation Properties 

We would now like to quantize the classical theory in such a way that we have an exact 
correspondence between the classical and quantum fields with respect to both their equa¬ 
tions of motion and their Lorentz transformation properties. In order to investigate the 
Lorentz transformation properties of the fields it is necessary to construct the energy mo¬ 
mentum tensor corresponding to the Lagrangian Using Noether’s theorem one finds 
the canonical energy momentum tensor 




(23) 


which is conserved, = 0, but asymmetric. The tensor is determined only up 

to the total derivative with antisymmmetric in the indices A and 

Adding to the total derivative 


, (24) 

where in the second equality the classical equations of motion d^F^‘^ -|- M‘^V^ = 0 have 
been used, one obtains the Belinfante tensor 

^ + ^g^^''F„pF^P + (25) 

It is symmetric and becomes gauge invariant in the massless limit M —> 0. The corre¬ 
sponding angular momentum tensor, — is another conserved tensor 

current, drjAi^P'^ = 0. Prom and we find the following conserved Poincare 

charges: The Hamiltonian 



H = J d^x &oo{x,t) , 

(26) 

the 3-momentum 

Rfc = y d^x <dok{x,t) , 

(27) 

the angular momenta 



Jk — '^^kij 

J d^xMoij = ekijXiRj + Ckij j d^y{yi - Xi)Qoj{y,t) , 

(28) 

and the Lorentz boosts 



K. = J 

d^xMook = XkH -tRk + J d^y{yk - Xk)Qoo{y, t) ■ 

(29) 


All can therefore be obtained from the four components ©oo and ©ofc- 

Replacing in the Vq in terms of the spatial 14 via (^) according to our reduction 
method we obtain the reduced components 


Bi'ed = 0 


Vo=Vo[V] 


(30) 


In the following we shall investigate both the quantization in the local and in the nonlocal 
reduced fields. We have to check whether the Poincare algebra is fulfilled in both cases. 
For convenience we shall in the remainder of the paper drop the index “red” from the Q^i/. 
The corresponding classical Lorentz transformation properties of both the local and the 
nonlocal fields are discussed in Appendix A. 
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2.3 Quantization in the local 14 

In this section we shall briefly review the standard quantization in the local fields 14 
and Ilfc and the fulfillment of the corresponding Poincare algebra. For a more detailed 
discussion see e.g. |||]. 

The local fields, 14, and their canonical conjugate momenta, Ilfc, are quantized by 
imposing the canonical commutation relations 


i[Ilk{x.,t),Vj{y,t)] = 6 kj 6 {x-y) 


(31) 


with all other commutators vanishing. In terms of Vi and Ilj the four relevant components 
of the Belinfante tensor are obtained from (25) by replacing Vq in terms of the spatial 14 
via (P) and then replacing the velocities RijVj by the momenta Ilj according to (|I^) 


000 = i(n2 + ^(a,n,)2 + Bj[P]2 + MV,2) , (32) 

0ofc = -IiidkVi + di{IiiVk) . (33) 


with the operators taken to be symmetrically ordered 11^.414 = ^{nfc,^Vi}. This is 
important for the Poincare algebra to be fulfilled as discussed below. Using (H) and 
performing an integration by parts the Hamiltonian is 

H = I (fx ^[Hji^-.in,- - Vi{^ - M^)RijVj] , (34) 

and the three momenta 

Pk = - j HidkVi . (35) 

The generators Jk and Kk of rotations and Lorentz boosts are 

Jk — £kij {xiPj + HjV)) Cfcij J d y{yi Xj) T\.i&jVi , (36) 

and 


Kk = XkH — tPk 


+ / d^y{yk - Xfc)^ ( + -^{diHif + Hj[U]^ + MVj^ 


(37) 


Straightforward but lengthy calculations show that these satisfy the Poincare algebra: 


[Jj, Jj] 

i^ijk^k •> 

[Ji,K,] 


[Ki,Kj] 

i^ijkJk ; 

[Ji,Pj] 

^^ijk^k ? 

[K^,Pj] 

— iHSij , 

[JuH] 

= [P^,H] = [H,H] 

[Ki,H] 

= iPi . 

The Heisenberg equations read 


II 

i[H,Vk{x,t)]=R^IU, 

rife(f,t) = : 

a 

II 

1 


(38) 


( 39 ) 
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Inserting the first into the second gives 


Vk = {^- M^)Vk , 


(40) 


in agreement with the classical Klein-Gordon equation. Furthermore we have the stan¬ 
dard transformation property i[Rk,Vi{x,t)] = —dkVi under spatial translations. For the 
behaviour of the operator I 4 under infinitesimal Lorentz boosts we find 

SiVk = iei[Ki, 14 ] = ei{xidt + tdi)Vk + —-diVi , (41) 

52 - m 2 


in agreement with the classical form discussed in Appendix A. Straightforward but lengthy 
calculations show that these satisfy the Poincare algebra (38) and in particular give the 
correct boost-boost commutator, since we correctly obtain the Schwinger anomalous com¬ 
mutator 

[© 00 (^ 4 ), ©00(y4)] = -i{Qok{x,t) + Qok{y,t)) dl5{x - f) . (42) 


It is important to note that these differ in the massless limit from those of the photon field 
which does not transform like a vector. In the next paragraph we shall repeat the same 
steps for the nonlocal reduced fields. 


2.4 Quantization in the nonlocal 

The nonlocal fields 14^[P] and their canonical conjugate momenta, n(?, are quantized by 
imposing the canonical commutation relations 


i[nf (x, t), Vj^(y, t)] = 5kjd{x - y) 


(43) 


with all the other commutators vanishing. In order to obtain the components of the 
corresponding Belinfante tensor in terms of and 11^ we replace everywhere in 


and (|^) life by Rkjllf and I 4 by Rk/Vj 




or explicitly 


e§)(x,t) 




OU^lVk^] = e^,[Rk,nf,Rk,Vf] , 
i [{R^.Uff + M^ ' + BflR^Vf] 

-iR,,Uf)dkiRa^Vi^)+d, [{R,,Uf)iR^lvf)) 


(44) 


(45) 

(46) 


Again the operators are taken to be symmetrically ordered. The Hamiltonian and the 
momentum operators then read 


= J d^x^iU^RijUf, (47) 

Pk^ = -Jd^xUfdkV/^, (48) 


The rotations and Lorentz boosts are given in terms of 0^^ and 0^ by (^) and 
(1^ , respectively. 







We obtain the Heisenberg equations 


= i[H^,Vk^ix,t)] = RkjUf , 

nf(f,t) = i[H^,U^{x,t)] = {^-M^)R-^V/^ , (49) 

and thus again the Klein-Gordon equations: 

= (^ - , (50) 


in formal agreement with the classical case. Furthermore we find the standard transforma¬ 
tion i[P^, V/^{ X, t)] = —dkV/^ under spatial translations. For the Lorentz transformation 
properties we find 

SlVi^ = Ri[K^, = ei{xidt + tdi)V^ - dk^-^-—eiVi^ , (51) 


in agreement with the classical form discussed in Appendix A. In contrast to the local fields, 
the Lorentz transformation properties of the nonlocal 14^ [H] = Rkj^j reduce to those of the 
photon field in the massless limit. Comparing these with the corresponding transformation 
of the local fields, (^), we see that we have consistently 6lVj^ = Rkii^LVk) in accordance 
with Vj^ = RkjVj. Careful, lengthy calculations show that the generators in the nonlocal 
variables also satisfy the Poincare algebra, in particular the boost-boost commutator is 
correct, since here too 


[e§){x,t),e§){y,t)] = -i (&ok{x,t) + Qokiyp)) dl5{x-y) . (52) 

In summary, we have confirmed the Poincare invariance of both ways of quantization, in 
terms of the local and the nonlocal reduced fields. All quantum transformation properties 
are in exact formal agreement with the corresponding classical ones. Quantization in 
terms of the nonlocal reduced fields is therefore a perfectly acceptible alternative to the 
standard quantization in terms of the local fields. The quantum theory of the nonlocal 
reduced fields has the very important property that in the massless limit it smoothly 
reduces to the photon theory. 


3 Massive QED 

In this section we shall consider the case of massive QED, where the massive vector fields 
are coupled to a conserved fermion current. We shall show that the quantization in terms of 
the nonlocal fields leads to a theory which is equivalent to that obtained via conventional 
quantization in terms of local vector fields, but leads to a propagator for the nonlocal 
vector fields which is well behaved in the massless limit as well as in the ultraviolet limit 
of large momenta. 


3.1 Reduction of the Lagrangian 

The classical action of massive QED is 


W = 


/ 


d'^xjC(x) 



(53) 
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with the Lorentz, but not gauge invariant Lagrangian C{x) and the currents 
As in the free theory the Euler-Lagrange equation for Vq is a constraint and not an equation 
of motion. Within the scheme of reduced phase space quantization, the constraint is used 
to eliminate Vq from the Lagrangian. 

The Euler-Lagrange equation for Vq reads 




= 0 {^-M'^)Vo = -diV + Jo 


which in massless QED corresponds to Gauss’ law. It has the solution 

1 


Vo[V,Jo] = 


-i-diV + Jo) . 


52 - M 2 

Inserting this into W we obtain the reduced Wj-^d 

W^red[t^, ^]= J d^xC,,d = J d^X [cYed + ^fed) 

with the reduced Lagrangian 

4^ed = UvRijVj + Vii^ - , 


(54) 


(55) 


(56) 


1 


2'^°92_m2 


Jo + Jo 


1 


92 -M2 


diVi + ViJi + m)T 


(57) 


with Rij given by (12). 

As in the case of free massive vector theory discussed in the preceding section we have 
several choices for the dynamical variables. One possibility is to choose the local fields I 4 
and T and their canonical conjugate momenta 


Ui = ^^=Ri^Vj + 


1 


n = 


SVi 

ddlred 

6if 


52 -M2 


diJo ) 


= . 


(58) 


Alternatively we can eliminate the second term in by introducing the new variable 

1 


= exp ( ie 


52 - M2 


-diV T 


(59) 


which generalizes the gauge invariant Dirac variables in QED. Since (^) is only a phase 
transformation, the corresponding current stays the same and becomes 


= ^JO 


1 


1 


2 92 - M 2 


•A) T Ji i dij 


didj 


52-M2 


E,+T^(f /9-m)4'" . 


R 


(60) 


Using the nonlocal variables Vj^ = RkjVj with Rij given by (12) as for free massive vector 
theory the reduced Lagrangian can be written 






1 


1 


(61) 
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The corresponding canonical conjugate momenta are 




5C 

W 


= R~^V^ 

13 j 


6C 


= . 


( 62 ) 


In the following paragraphs we shall investigate both ways of quantization, the standard 
one in terms of the local fields I 4 and 'I', and the alternative one in terms of the nonlocal 
reduced fields and We shall check the Poincare invariance of both. 


3.2 Lorentz transformation properties 

As in the free massive vector theory the generators of the Poincare algebra are obtained 
from the Belinfante tensor. For massive QED it has the form 

- m)^ + g^'' ,(63) 

with 

= + • (64) 

From these we obtain the Poincare generators H, Pk,Jf^, and Kf^ via the formulae (p6|)-(p^. 

3.3 Quantization in the local V) and 

In this section we shall first review the standard quantization in terms of the local fields I 4 
and 'I'q, as discussed e.g. in ||l|. The local fields Vk, 'ka and their canonical conjugate mo¬ 
menta life, IIq are quantized by imposing the canonical commutation and anticommutation 
relations 


i[nk{x,t),Vj{y,t)] = 6kjS{x-y), 

{Ila{x,t),^g{y,t)} = 6ai36{x-y), 

{^a{x,t),^p{y,t)} = {na{x,t),Up{y,t)} = 0 , (65) 

with all other commutators vanishing. The relevant components of the Belinfante tensor 
in terms of Pfc,'I 'q and are obtained from ( |^ by replacing Vq in terms of the 

spatial components of the vector field via ( [5^) and then replacing the velocities V^, 'k in 
terms of the momenta 11^,11 according to ( |58|) 

000 = ^(nf + ^(d,n,)2 + B,[E]2 + MV,2) 

- n7o(7idi + - JiVi + (n[7i,7o]T) (66) 

0ofc = -UAVi + d^{UiVk) 

-ndfe^k + Idi (n ([7i, 7fc] - 47i7fc) vk) , (67) 

o 
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with = —ien 7 o 7 ^'I' in terms of 'h and IT. The bosonic operators are taken to be 
symmetrically ordered and the fermionic ones to be ordered antisymmetrically = 


The Hamiltonian is 

= / d^x{^ - n7o(7i5, + im)T 

-ViJi + , (68) 

and the momenta are 

Pk = -J d?x {liidkVi + . (69) 

Hence we obtain the Heisenberg equations 

Vk{x, t) = i[H, Vk{x, t)] = RkjUj + -^dkJo , 
flfc(x,t) = i[H,Uk{x,t)] = (^ - M^)RkiVi + Jk . (70) 

Inserting the first into the second gives 

14 = (^ - M^)Vk + RkjJ, + -^dkJo ■ (71) 

Using the operator current conservation, Jq = —diR, following from the equations of 
motion of the fermions, discussed in the following, we obtain the Klein-Gordon equation 
with a fermionic source term; 

(□ + M2)I4 = Jk . (72) 

For the fermions we have 

^ = i[H, T] = - e-iiV, + m)^ - ^ (-5,n, + Jq) . (73) 

Defining the operator 

+Jo) (74) 

we find the covariant Dirac equation 

— 67^14 — m)'k = 0 . (75) 

For the behaviour of the operator I 4 and under infinitesimal Lorentz boosts we find 

SbVk = i(-i[Ki, Vk] = eRxidt + tdi)Vk + —r {-diVi + Jq) , (76) 

5l^ = iei[Ki,^= ei{xidt + tdi)^ + ^ek[jo,jk\^ ■ (77) 


Lengthy, but straightforward calculations show that the Poincare algebra is indeed fulfilled, 
in particular the boost-boost commutator is obtained correctly. In the following paragraph 
we shall repeat all the steps for the nonlocal reduced fields. 
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3.4 Quantization in the nonlocal and 4^^ 

We shall now repeat the same steps for the nonlocal reduced fields and 4'^. The 
nonlocal fields and their canonical conjugate momenta 11^, 11^ are quantized by 

imposing the canonical commutation and anticommutation relations 

z[nf(f,t),F/(y,t)] = 5kj5{x-y), 

= 6af3S{x-y), 

= {U^{x,t),Uf{y,t)} = 0 (78) 


with all other commutators vanishing. The components of the Belinfante tensor in terms 
of the nonlocal fields are obtained from (^) and (^) by replacing 14 
Uk ^ RkjHf + {dk/d^ - m 2) Jo 




, Vk^] = , RkjVl^ + 4/(5'" - m'^)Jo] 




(79) 


or explicitly 
1 


CiR — 

'-’oo — 


2 L 


{R^JUff + m2 


1 


52-M 2 


44 


R 


+ 42 [i 2 -iy«] + m2 " ] - n%(7i5i + im)T^ 




1 


1 


2 V 52 - M2 


diJo ) + —M 


1 


52 - M2 


Jo 


-jdi (n^[7o,7i]' 




tR 


1 


52 - M2 


-Jr 


( 80 ) 


0^, = -(4,nf)5fc(4-.i44 + 4((4,nf)(44'^/)) 

5fc4'-^ + (u^ (4,7fc] - 47i7fc) - di 


-n 

+ 


1 


8“^-M^ 


Jo ) 


1 


52 - m 2 


Jo — Jo 


1 


8^-M^ 


8MRu"Vi^) 


( 81 ) 


Again the bosonic operators are taken to be symmetrically ordered and the fermionic ones 
to be ordered antisymmetrically. The Hamiltonian is 


= 


j J3f{i {llfRijYlf - - M‘^)Rr^vf) - n^7o(7i4 + im)T^ 


-yi^J^ - ^ Jo 


1 


1 


2 8"^-M^ 


-Ji 


'} 


(82) 


and the momenta are 


Pk=-J d^x (nf 5fcl// + . (83) 

This leads to the Heisenberg equations 

144x4) = i[H^,V^{x,t)]=RkjIlf , 

n4x4) = i[M^,nfe(JJ)] = (^-M")i?-.44 + jfc, (84) 
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from which we obtain directly the Klein-Gordon equations; 


(□ + M2)vf = RkjJ, . 


(85) 


Note that in contrast to the case of the local vector field we do not need here to make 
use of the conservation of the fermion four-current. For massive QED of course current 
conservation is a consequence of the equation of motion of the fermions. 

For the operator Dirac equation we obtain 

= i[H^, | , ( 86 ) 


which agrees with the classical form. The second term on the right is the contribution 
from the Yukawa potential. For the Lorentz transformation properties we find 


= iei[K!^,vi^]=ei{xidt + tdi)Vk^-ek^-\-Jo-dkA, ( 87 ) 

= ei{xidt + tdi)'^^+ ^ek['yo,Jk]^^+ , ( 88 ) 

with 


A 


1 

^*02 _ m 2 



1 

-M2 



( 89 ) 


These quantum Lorentz transformation properties have the same form as the correspond¬ 
ing classical ones. In the massless limit it contains a gauge transformation with the gauge 
(operator-) function A. Again the Poincare algebra is satished. 


3.5 Vertices and free propagator for the local vector fields Vi 

In the following two sections we shall compare the Feynman rules of the nonlocal reduced 
fields with those of the local fields. This will further elucidate the physical significance 
of the nonlocal reduced fields and the possible advantage for theories beyond QED where 
the fermionic current might not be conserved. 

In this section we shall hrst give a brief review of the Eeynman rules for the local massive 
vectorfield. So far the field operators have been given in the Heisenberg representation. 
In order to investigate the Eeynman rules in the operator approach it is necessary to pass 
to the interaction representation 

{vi,7^i,^P, tt) = V^°\Vi,Ui, T, n)e-'^°' (90) 

where the Hamiltonian H is split into a free-particle part Hq and the interaction V (t) 

H = Ho + V(t) , (91) 

with 

Ho = y -Vi(^ - M^)RijVj^ - TTjoilidi + fm)V'| , (92) 

V(t) = J d^x(^Viji + ^ji-jo^diTr^^ . (93) 
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The fields Vk and then satisfy by definition the free Heisenberg equations 


Vk = i[HQ,Vk] = T^k - j^dk{diVi) , 

TTk = i[Ho, TTk] = {iP - M‘^)vk - dkidiVi) . 


If one defines 


^0 = ’ 


then the two Heisenberg equations (94) can be combined to 

(□ + M )vk + dkdpV = 0 . 


(94) 

(95) 


(96) 


Taking the divergence of this equation one obtains the covariant operator equations 


= 0 , (□ - = 0 . 


(97) 


These are solved by 

(fq 


= j 




^ {q) exp - qiXi)] + h.c)j . (98) 


The annihilation operators a^'''^(^ with polarization A = 1,2,3 satisfy the canonical com¬ 
mutation relations 

= Sx\' {271 f6{q- (99) 

and the real covariant polarization vectors satisfy the orthonormality conditions 


= g.eW(g-) =0 


and hence 


^eW(^)eW(g-) = - 

A 




M2 


( 100 ) 


( 101 ) 


Note that the spatial components of this tensor are the Fourier transform of the inverse 


reduction operator R- . The representation (98) leads to the free propagator 
DL{x-y) = {0\TVf,{x,xo)vu{y,yo)\0) 


= —i 


d'^q 


,-iq-(x-y) 


,7- iP + i, (!'<“■ - ^ j - - y) 


The extra noncovariant term is, when sandwiched between two jo, cancelled by the non¬ 
covariant term in V(t). Note that with the definition (95) the first and third term 

in V{t) combine to the covariant form j^v^. Alltogether we arrive at the current-current 
interaction 


Jf^D^,{q)r = - 


1 


q^-M^ 






q^qu 

M2 




(103) 


which is manifestly Lorentz invariant. However it has a singularity at M=0. Furthermore 
the second term leads to ultraviolet divergences for large momenta. However, since in 
massive QED the vector field is coupled to a conserved current (g^J^ = 0) the badly 
behaved second term drops out and the theory becomes renormalizable. 
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An alternative, simple way to obtain the kernel of the current-current interaction is to 
substitute the solution of 


^ c.. TA = Q 


SVi 


= -{df -d^ + M^)RijVj - 


52 - M2 


(104) 


obtained from (pOD, which has the form 

= - 




djdt 


-Jq -|- Jj 


9^2 - 92 + M2 V92 _ ^2 
into the reduced Lagrangian leading to the doubly reduced Lagrangian 

^red? = -b ^(i ^ - m)4' , 


with the current-current interaction kernel 

1 


= - 


□ -b M2 




M^ 


(105) 


(106) 


(107) 


It agrees with ( 103 ). This substitution corresponds to the integration over the vector fields 
in the conventional representation of the generating functional for connected Greenfunc- 
tions. 

Finally we note that the corresponding discussion of the fermion field is standard and 
can be found e.g. in |]I|. We shall omit it here because our main interest is in the vector 
field rather than the fermion field. 


3.6 Vertices and free propagator for the nonlocal Vj^ 

In this section we shall carry out the same steps for the nonlocal reduced theory. For the 
nonlocal fields the interaction-picture Hamiltonian is split into 

H^ = H§ + V^{t) (108) 


with 


= I - M^)R-^vf) + 7r^7o(7i9i + (109) 

. ( 110 ) 

The vector field part of the free Hamiltonian Hq is diagonalized in terms of the nonlocal 

yR 


uf(x, t) 


d?q 1 


(^) exp [-i{u:{^t 

A=l,2,3 


qiXi)] + h.c)j , (111) 


with the real nonlocal polarization vectors defined via 

, ( 112 ) 
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where Rij{q) = Sij — QiQj/{^ + is the Fourier transform of the reduction operator Rij 

and hence 


A 


P(A) 


= R^k{q) Ri,{k) = Rijiq) = hi 


qkqi 


^ + M2 


(113) 


This leads to the free propagator 


Dijix-y) = {0\Tvi {x,xo)vj {y,yQ)\0) 


= —z 


d^q 


2f( 

,-iq-(x-y) 


( 27 r)^ q2 _ _j_ 


hi - 


qkqi 


^ + M‘^ 


(114) 


Together with the Yukawa potential in the interaction V^{t) this leads to the following 
current-current interaction 




qzqj 


1 




(115) 


It is the generalization of the photon propagator in Coulomb gauge QED. It contains the 
instantaneous Yukawa potential as a generalization of the Coulomb potential. In contrast 
to the conventional covariant massive vector propagator (|103|) the reduced propagator 


(115) is regular in the limit M —> 0 and is well behaved for large momenta. 

Before we turn to a further discussion of the propagator for the nonlocal reduced fields 
and its relation to the corresponding standard propagator of the local fields, we quote an 
alternative derivation of it. Again, in order to obtain the kernel of the current-current 
interaction one can substitute the solution of 


-51T,ed 


= -{dt - ^ + M")i?r.V" - = 0 


obtained from 


, which has the form 


= - 
^ I 


R 


ij 


d? - 52 + M2 


-R 


into the reduced Lagrangian (^Tj), leading to the doubly reduced Lagrangian 

-Jo -I- 'F^(i ^ 


= Ij.--J. + 

2 *32-52 +M2 ^ 2 “52-M2 


(116) 


(117) 


(118) 


The effective momentum space propagator for massive vector fields following from the 
doubly reduced Lagrangian (1T8) is therefore again ( 115 ). 


For a better comparison with the conventional covariant propagator (102) we rewrite 
the propagator (CT) in the alternative form 


DUq)J^r = - 


1 


q^-M^ 


Jt + 


{Jmf - (Jpgo)^ ' 

if + M2) 


(119) 


Hence we see that for massive QED, where the vector field is coupled to a conserved 
current {qy,J^ = 0), we find that the effective current-current interactions mediated by 
the propagator of the nonlocal reduced fields (DT) and by the conventional covariant 


propagator (103) coincide 




( 120 ) 
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Finally we note that the propagator of the nonlocal fermion field agrees with the 
standard fermion propagator, since defined in (59), differs from the local 'h only by a 
phase shift. 

In summary we have found in this section that for massive QED, where the massive 
vector field is coupled to a conserved current, quantization in terms of the nonlocal reduced 
fields leads to a quantum theory which is equivalent to the conventional one, but has 
improved formal properties. For example the corresponding vector propagator is well 
behaved both in the massless and in the ultraviolet limit. 

4 Massive vector theory coupled to a classical current 


We have seen in the proceeding section that quantization in terms of the nonlocal reduced 
fields and conventional quantization in terms of the local vector fields lead to equivalent 
quantum theories, when coupled to a conserved current, as is the case for massive QED. 
On the other hand we observe that for the case of nonlocal fields current conservation 
is used - via the dynamics of the fermions - only initially in order to obtain the reduced 
Lagrangian (1^ ) in terms of the nonlocal reduced fields from the original Lagrangian 
(|5^. Namely it was necessary to cancel the second term in (57) by a nonlocal phase 
transformation of the fermion field. Once the reduced Lagrangian has been obtained, 
however, current conservation has not been made use of anymore explicitly, e.g. for the 
derivation of the operator Klein-Gordon equation (|85[) , in contrast to the corresponding 
local case (|7^. Furthermore, the nonlocal propagator (115) is well-defined even if coupled 
to a nonconserved current in contrast to the covariant local propagator ( |103[) . 

We shall now show that starting from the reduced Lagrangian (^) in terms of the 
nonlocal fields and coupling it to a nonconserved classical current instead of the conserved 
fermion current of QED, we may obtain a quantum theory which is inequivalent to the 
corresponding one in terms of the local field operators. Let us consider the following 
Lagrangian of the reduced nonlocal vector fields coupled to some classical current 


^red[J^'] = ^ {Vi 








+ Jfv/^ + Ijn 


1 


32-M2 


-j; 


cl 


( 121 ) 


It is obtained from the reduced Lagrangian (^) of massive QED in terms of the reduced 
nonlocal fields by replacing the coupling to the conserved fermion current of QED by the 
coresponding coupling to the classical current. If the classical current is not conserved, 
it will lead to a quantum theory of reduced fields, which is inequivalent to the theory 
resulting from the Lagrangian 






( 122 ) 


In particular the results for the vacuum-to-vacuum amplitudes will be different. For the 
number < 0| V|0 > of massive vector bosons created by the classical current we obtain 

(fq 


< 0|V|0 >ioc= 
for the local theory 


using 


< 0|V|0 >nonl = 


d^q 


1 


(27r)3 2cu(^ 


1 

(27r)3 2uj{q) 
and 






(123) 


a;(gl2 






(124) 
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for the nonlocal theory (1^) using dni). When the classical current is not conserved, 
Ld{q)jQ — QiJf / 0, the two results (1^) and (1^) are different. 


5 Summary and Conclusions 

Herein we have considered reduced phase space quantization of massive vector theory 
based on the elimination of unphysical degrees of freedom at the classical level by explicitly 
solving the constraint equation for Vq, which leads to the reduced action 

= W\sw-n . 

We have considered the quantization in terms of reduced nonlocal fields, which reduce to 
the transverse photon fields in the massless limit. We have proven the Poincare invariance 
of the corresponding quantum theory by a calculation analogous to that by Zumino for the 
massless case. The quantum Lorentz transformation properties of the nonlocal reduced 
fields have been derived and shown to coincide with the corresponding classical ones. 
Furthermore in the massless limit they smoothly turn into the Lorentz transformation 
properties of the photons. We obtain a theory that differs from the standard theory in 
terms of the local fields by the form of the vector particle propagator ( |115| ), which is the 
M 7 ^ 0 generalization of the photon propagator in Coulomb gauge QED. It includes an 
instantaneous Yukawa potential in generalization of the Coulomb potential, has no mass 
singularity, and is well behaved for large momenta. The two schemes of quantization, 
local and nonlocal, coincide when coupled to a conserved current as in QED. However, 
in contrast to the quantization in the local vector fields, the quantization in the nonlocal 
reduced fields has a well behaved propagator in the infrared and the ultraviolet region, 
even if coupled to a nonconserved current, such as a classical nonconserved current. In 
this case the vacuum-to-vacuum amplitudes are different for the reduced nonlocal and the 
local massive vector fields. Other important examples of theories were the vector field 
is coupled to a nonconserved current are massive non-Abelian theories. Although there 
seems to be general consensus that they are nonrenormalizable beyond one loop order 
it might be interesting to extend our concept of nonlocal reduced fields to the massive 
non-Abelian case as an alternative to recent covariant approaches Q| related to that of 
Stiickelberg . The corresponding preprojection operator for massive non-Abelian theories 
of course will be much more complicated. 

Comparing our physical, reduced approach with the covariant one by Stiickelberg, we 
first note that reduced phase space quantization of massive QED in the reduced fields in 
the massless limit smoothly turns into the quantization of QED in the Coulomb gauge, 
whereas the covariant Stiickelberg approach turns into the Lorentz gauge quantization of 
QED. In the Stiickelberg approach Poincare invariance is manifest, but all results have to 
be proven to be independent of spurious effects due to the ghosts. We have shown that 
it is possible to master the complications of reduced phase space quantization, the loss of 
manifest Poincare invariance and the nonlocality of the fields, which arise for the sake of 
quantizing only physical degrees of freedom. The reduced approach might be an important 
alternative to the covariant Stiickelberg approach to massive non-Abelian gauge theories 
0 , where the difficulties of disentangling the spurious from the physical results may be 
at least comparable to the difficulties of having to prove the Poincare invariance of the 
physical result. 

From the properties of the reduced fields found in this paper we see various interest¬ 
ing applications. A direct application for example might be the calculation of relativistic 
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boundstates of fermions coupled via massive vector fields. Writing the relativistically in¬ 
variant Bethe-Salpeter equation for QED into a form of a single time boundstate equation 
and comparing different gauges Love |11| showed that the Coulomb gauge with its instan¬ 
taneous Coulomb potential gives the most effective description of relativistic boundstates 
of two fermions. Correspondingly we expect the choice of the nonlocal reduced fields with 
its instantaneous Yukawa potential to be the most effective way to describe relativistic 
fermions bound by massive photons. In general the description in terms of reduced fields 
should be the most effective one in all circumstances where the Coulomb gauge is the most 
effective one for QED. 

Another important application connected with the main aim of the present paper, 
namely to find a Lorentz invariant quantum theory of vector fields with a well defined 
massless limit, is the possibility to study the IR behaviour of the corresponding massless 
theory, such as the formation of Lorentz and gauge invariant condensates |jl^, The 
infrared catastrophe can be controlled by allowing the gauge field to have a small finite 
mass. For the simple example of massive QED, discussed in this paper, the nonlocal 
reduced fields coincide in the zero momentum limit with the three local vector fields, since 
= 0) = 6ij and become transverse photons in the high momentum limit. For a small 
finite mass we can therefore regard the nonlocal field as a smooth interpolation between 
the three gauge invariant zero momentum components and the two transverse components 
for the nonzero momentum components. After all calculations have been done with the 
reduced fields, the massless limit can then be taken in a smooth way. Of course in the case 
of QED the vacuum structure is well known to be trivial. However, as discussed in |13|, 
already in the scenario of the global colour model of QCD the transition to nonlocal fields 
as discussed above allows one to give an explicit construction of a squeezed condensate 
and the corresponding effective quark action with interesting properties. The present work 
could be a first step towards the investigation of more complicated theories such as QCD 
with a nontrivial vacuum structure. 
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A Classical Lorentz transformation properties 

In order to investigate the Lorentz transformation properties of the classical helds 14 (x), 
we consider an infinitesimal boost along e 

6xk = €kt 5t = €iXi . (125) 

The partial derivatives and vectors then transform as 

S{dk) = -ekdt , 6{dt) = -eidi , (126) 

<514 = , 5Ko = eiV- . (127) 

From these we can derive the corresponding infinitesimal changes in the fields. 


20 




The local Vi have the standard transformation properties 


ShVk = ei{xidt + tdi)Vk - e^Vb 

= Eiixidt + tdi)Vk + ek-^ - -diVi , (128) 

realized nonlinearly using (|^ for Vq. The non-local on the other hand transform as 

hVk^iV] = eiixA + tdi)V,^ - dk • ( 129 ) 

The second term originates from the nonlocality of the physical and corresponds to 

a gauge transformation. It is different from the second term in the transformation formula 
of the local I 4 . 
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